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Abstract. Conformal Killing equations and their integrability conditions for expand-
ing hyperheavenly spaces with Λ in spinorial formalism are studied. It is shown that any
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of respective Killing equation to one master equation is presented. Classification of ho-
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isometric Killing vectors are found.
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1 Introduction
This paper is the second part of more extensive work devoted to the conformal, homo-
thetic and isometric Killing symmetries in hyperheavenly spaces. In the previous paper [1]
the nonexpanding hyperheavenly spaces have been considered and it was a generalization
of the [2]. Now we deal with expanding case.
The hyperheavenly spaces are the generalization of the heavenly spaces and they were
discovered by Pleban´ski and Robinson in 1976 [3] - [4]. The structure of the heavenly and
hyperheavenly spaces, especially in the spinorial formalism was described in [5] - [14].
The problem of Killing symmetries given by the set of equations ∇(aKb) = χ gab in
expanding hyperheavenly spaces was presented in [15] and it is the unique paper devoted
to this problem. However, in [15] the authors considered only homothetic and isometric
symmetries. Indeed, the conformal symmetries are not allowed by the nonexpanding
hyperheavenly spaces but in [15] it was set a priori. Here we prove that χ must be
constant, what follows from the integrability conditions of the equations ∇(aKb) = χ gab.
Moreover, considerations presented in [15] does not include the cosmological constant.
Our work fill that gap.
The way of reduction of the Killing problem in [15] has been done in quite different
way. We present the alternative way to obtain the master equation and its integrability
conditions. It is the main reason, why the classification of the Killing vectors in our work
differs of that given in [15].
In the present paper we use the following terminology. Eq. (3.6) is called the conformal
Killing equation and its solution K the conformal Killing vector (as it was mentioned
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earlier, this case is not allowed in the expanding hyperheavenly spaces). If χ = χ0 = const
then Eq. (3.6) is called the homothetic Killing equation and K, the homothetic Killing
vector. Finally, if χ = 0 we have the isometric Killing equation and the isometric Killing
vector, respectively.
Note that the results of our paper can be quickly carry over to the case of real
spacetimes of neutral signature (+ + −−). Such spaces have attracted a great deal
of interest in Osserman space theory [16, 17, 18].
Our paper is organized as follows. In section 2 the general structure of expanding
hyperheavenly space is presented. We recall the form of the hyperheavenly equation,
connection forms and curvature. In section 3 the explicit form of the Killing equations
and their integrability conditions are found and the general results, especially the form of
the master equation and the transformation formulas are presented. Section 4 is devoted
to the classification of the isometric and homothetic Killing vectors. In section 5 we find
the reduced hyperheavenly equations for the type [D]⊗ [any] admitting different isometric
and homothetic Killing vectors. Some interesting metrics of the type [III, N] ⊗ [III, N]
with nonzero cosmological constant are explicitly given. Some of them are examples of
the Osserman spaces with the symmetry. Detailed reduction of the Killing problem for
the expanding hyperheavenly spaces are done in section 6. Concluding remarks end our
paper.
Our work is motivated by still actual question: how one can generate new real
Lorentzian metrics from holomorphic ones (the Pleban´ski program). We guess that this
is an important problem of mathematical relativity and that its solution will emerge from
deeper and deeper insight into complex relativity. We suppose that the present paper is
a step in this direction.
2 Hyperheavenly spaces.
2.1 General structure of hyperheavenly spaces with Λ.
HH-space with cosmological constant is a 4 - dimensional complex analytic differential
manifold M endowed with a holomorphic Riemannian metric ds2 satisfying the vacuum
Einstein equations with cosmological constant Λ and such that the self - dual or anti - self
- dual part of the Weyl tensor is algebraically degenerate [3, 4, 9]. These kind of spaces
admits a congruence of totally null, self-dual (or anti-self-dual, respectively) surfaces,
called null strings [19]. In this paper we deal with self-dual null strings. Coordinate
system can be always chosen such that Γ422 = Γ424 = 0 [4], the surface element of null
string is given by e1∧e3, and null tetrad (e1, e2, e3, e4) in spinorial notation can be chosen
as
eA˙ := φ
−2 dqA˙ =
[
e3
e1
]
= − 1√
2
g2
A˙
(2.1)
EA˙ := −dpA˙ +QA˙B˙ dqB˙ =
[
e4
e2
]
=
1√
2
g1A˙
where
(gAB˙) :=
√
2
[
e4 e2
e1 −e3
]
(2.2)
2
φ and QA˙B˙ are holomorphic functions. Spinorial coordinates pA˙ are coordinates on null
strings given by qA˙ = const. Define the following operators
∂A˙ :=
∂
∂pA˙
∂A˙ :=
∂
∂pA˙
(2.3)
ðA˙ := φ2
(
∂
∂qA˙
+QA˙B˙∂B˙
)
ðA˙ := φ
2
(
∂
∂qA˙
−Q B˙
A˙
∂B˙
)
They constitute the basis dual to (eA˙, E
B˙)
− ∂A˙ =
[
∂4
∂2
]
ðA˙ =
[
∂3
∂1
]
(2.4)
Spinorial indices are to be manipulated according to the rules qA˙ = ∈A˙B˙ qB˙, qA˙ = qB˙ ∈B˙A˙.
Then, the rules to raise and lower spinor indices in the case of objects from tangent space
read ∂A˙ = ∂B˙ ∈A˙B˙, ∂A˙ =∈B˙A˙ ∂B˙, ðA˙ = ðB˙ ∈A˙B˙, ðA˙ =∈B˙A˙ ðB˙. As usual, ∈AB and ∈A˙B˙
are spinorial Levi-Civita symbols
(∈AB) :=
[
0 1
−1 0
]
=: (∈AB) , (∈A˙B˙) :=
[
0 1
−1 0
]
=: (∈A˙B˙) (2.5)
∈AC∈AB= δBC , ∈A˙C˙∈A˙B˙= δB˙C˙ , (δAC) = (δB˙C˙ ) =
[
1 0
0 1
]
The metric is given by
ds2 = 2 e1⊗
s
e2 + 2 e3⊗
s
e4 = −1
2
gAB˙ ⊗
s
gAB˙ = 2φ−2 (−dpA˙⊗
s
dqA˙ +Q
A˙B˙ dqA˙⊗
s
dqB˙) (2.6)
The expansion 1-form which characterises congruence of self-dual null strings is defined
by [9]
θ := θae
a = φ4(Γ423e
3 + Γ421e
1) = φ
∂φ
∂pA˙
dqA˙ (2.7)
Consequently, we can consider two cases
• ∂φ
∂pA˙
= 0 → θ = 0 and such a space is called nonexpanding HH-space (in this case
one can put φ = 1)
• ∂φ
∂pA˙
6= 0→ θ 6= 0; such a space is called expanding HH-space
In the present paper we deal with expanding case.
Important remark: In geometrical terms θ = 0 means that the null strings are parallely
propagated and θ 6= 0 means that they are not parallely propagated. Therefore, in the
case of real spacetime of signature (++−−) the case θ = 0 corresponds to the case when
(M, ds2) is a Walker space [17].
2.2 Expanding hyperheavenly spaces.
By reducing Einstein equations [4, 9] one gets
φ = JA˙p
A˙ (2.8)
where JA˙ is constant, nonzero spinor. Let KA˙ be a spinor, defined by the relation
KA˙JB˙ −KB˙J A˙ = τ δA˙B˙ where τ = KA˙JA˙ 6= 0 (2.9)
3
Then
QA˙B˙ = −2 J (A˙∂B˙)W − φ ∂A˙∂B˙W + µ
τ 2
φ3KA˙KB˙ +
Λ
6τ 2
KA˙KB˙ (2.10a)
= ∂(A˙ΩB˙) +
µ
τ 2
φ3KA˙KB˙ (2.10b)
where
ΩB˙ = −φ ∂B˙W − 3J B˙W + Λ
6τ 2
KB˙η = −φ4 ∂B˙(φ−3W ) + Λ
6τ 2
KB˙η (2.11)
µ = µ(qN˙) is an arbitrary function, Λ is the cosmological constant and
η := KA˙pA˙ → τpA˙ = η J A˙ + φKA˙ (2.12)
Einstein equations can be reduced to one equation called the expanding hyperheavenly
equation with Λ
T + (φ−1J A˙WpA˙)2 + φ−1WpA˙qA˙ + µφ
4 ∂φ(φ
−3W ) (2.13)
+
η
2τ 2
(
ηJ C˙ − φKC˙) ∂µ
∂qC˙
− Λ
3
φ−2 ∂φW = NA˙ p
A˙ + γ
T := 1
2
φ−2QA˙B˙QA˙B˙ (2.14)
∂φ =
1
τ
KA˙∂A˙ ∂η =
1
τ
J A˙∂A˙ (2.15)
The form (2.13) will be especially useful in calculations in section 6. Inserting the explicit
form of T into Eq. (2.13), the expanding hyperheavenly equation with Λ can be presented
in the well know form [10]
1
2
φ4(φ−2WpB˙)pA˙(φ
−2WpB˙)pA˙ + φ
−1WpA˙qA˙ − µφ
4 [φ−1(φ−1W )φ]φ (2.16)
+
η
2τ 2
(
ηJ C˙ − φKC˙
)
µqC˙ −
Λ
6
φ−1Wφφ = NA˙ p
A˙ + γ
where N A˙ and γ are arbitrary functions of qC˙ only (constant on each null string), W is
the key function, and WpA˙ ≡ ∂W∂pA˙ , WqA˙ ≡ ∂W∂qA˙ , etc.. Explicit formulas for the connection
1-forms in spinorial formalism read
Γ11 = −φ−1JA˙ eA˙ (2.17)
Γ12 = −1
2
φ ∂A˙(φQA˙B˙) e
B˙ − 3
2
φ−1JB˙ E
B˙
Γ22 = −φ2 (ðA˙QA˙B˙) eB˙ − φ (QA˙B˙J A˙)EB˙
ΓA˙B˙ = φ
(
φ ∂(A˙QB˙)C˙ + J
D˙ ∈C˙(B˙ QA˙)D˙
)
eC˙ + φ−1J(A˙EB˙)
where
QA˙B˙J
A˙ = −φ2
(
J A˙(φ−1WpA˙)pB˙ +
µ
τ
φKB˙ +
Λ
6τ
φ−2KB˙
)
= φ−2 ðB˙φ (2.18)
and (as a consequence of hyperheavenly equation, especially useful in many calculations)
ðA˙QA˙B˙ = φ
4
{
NB˙ + J
A˙φ−2WqA˙pB˙ +
(
1
2τ
KC˙ ∈B˙A˙ −
1
τ 2
KB˙KA˙J
C˙
)
pA˙
∂µ
∂qC˙
}
(2.19)
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Decomposing the connection 1-forms according to
ΓAB = −1
2
ΓABCD˙ g
CD˙ ΓA˙B˙ = −
1
2
ΓA˙B˙CD˙ g
CD˙ (2.20)
we get
Γ111D˙ = 0 Γ112D˙ = −
√
2φ−1 JD˙ (2.21)
Γ121D˙ =
3√
2
φ−1 JD˙ Γ122D˙ = −
1√
2
φ ∂A˙(φQA˙D˙)
Γ221D˙ =
√
2φQD˙A˙J
A˙ Γ222D˙ = −
√
2φ2 ðA˙QA˙D˙
ΓA˙B˙1D˙ = −
√
2φ−1 J(A˙ ∈B˙)D˙ ΓA˙B˙2D˙ =
√
2φ
(
φ ∂(A˙QB˙)D˙+ ∈D˙(B˙ QA˙)C˙J C˙
)
The conformal curvature is given by
C(5) = 0 (2.22)
C(4) = 0
C(3) = −2µφ3
C(2) = 2φ5
(
NA˙J
A˙ − pA˙ ∂µ
∂qA˙
)
= 2φ5
(
−1
2
ντ − pA˙µqA˙
)
C(1) = 2φ7
{
1
2
µκ φ3 − τ
2
νqA˙pA˙ +
µ
2τ 2
ηφ3KR˙µqR˙ −
Λ
6τ 2
(
τ 2κ + η KR˙µqR˙
)
−1
2
µqC˙qD˙p
D˙pC˙ + J B˙
∂
∂qB˙
(γ + 3µW )
+
(
− τν JB˙ −
(
pB˙J
C˙ + JB˙p
C˙
)
µqC˙
)
WpB˙
}
CA˙B˙C˙D˙ = φ
3
(
W − µ
4τ 2
η2φ2
)
pA˙pB˙pC˙pD˙
where we decompose NA˙ according to the formula
2NA˙ =: νKA˙ + κJA˙ (2.23)
which defines the quantities ν = ν(qB˙) and κ = κ(qB˙)
ν := −2
τ
NA˙J
A˙ κ :=
2
τ
NA˙K
A˙ (2.24)
After substituting (2.10a) into (2.6) we obtain
ds2 = (φτ)−2
{
2τ(dη ⊗
s
dw − dφ⊗
s
dt) + 2
(
− τ 2φWηη + µφ3 + Λ
6
)
dt⊗
s
dt (2.25)
+4
(−τ 2φWηφ + τ 2Wη) dw ⊗
s
dt+ 2
(−τ 2φWφφ + 2τ 2Wφ) dw ⊗
s
dw
}
where
t := KA˙qA˙ w := JA˙q
A˙ → qB˙ =
1
τ
(tJB˙ + wKB˙) (2.26)
In (φ, η, w, t)-language, the hyperheavenly equation reads
τ 2
(
WηηWφφ −WηφWηφ + 2φ−1WηWηφ − 2φ−1WφWηη
)
+ τφ−1
(
Wwη −Wtφ
)
(2.27)
−µ
(
φ2Wφφ − 3φWφ + 3W
)
+
η
2τ
(µtη − µwφ)− Λ
6
φ−1Wφφ =
1
2
κφ− 1
2
νη + γ
[Not loosing generality one can set τ = 1.]
5
2.3 Gauge freedom.
The problem of coordinate gauge freedom in expanding hyperheavenly spaces is similar
to the one in nonexpanding spaces (compare with [1, 4, 9] and in the final form with Λ
with [18]). The form of metric (2.6) admits the coordinate gauge freedom
q′
A˙
= q′
A˙
(qB˙) (2.28)
p′A˙ = λ−1
∂qB˙
∂q′
A˙
pB˙ + σA˙ , λ = λ(qA˙), σ
A˙ = σA˙(qB˙)
where λ and σA˙ are arbitrary functions of qA˙.
The functions φ and QA˙B˙ transform under (2.28) as follows
φ′ = λ−
1
2 φ , Q′A˙B˙ = λ−1
∂qC˙
∂q′
A˙
∂qD˙
∂q′
B˙
QC˙D˙ +
∂qC˙
∂q′
(A˙
∂p′B˙)
∂qC˙
(2.29)
Denote
D B˙
A˙
=
∂q′
A˙
∂qB˙
= ∆
∂qB˙
∂q′A˙
= λ∆
∂p′
A˙
∂pB˙
= λ−1
∂pB˙
∂p′A˙
(2.30)
D−1 B˙
A˙
=
∂qA˙
∂q′
B˙
= ∆−1
∂q′B˙
∂qA˙
= λ
∂p′B˙
∂pA˙
= λ−1∆−1
∂pA˙
∂p′
B˙
where ∆ is the determinant
∆ := det
(
∂q′
A˙
∂qB˙
)
=
1
2
DA˙B˙D
A˙B˙ (2.31)
It is easy to see that the transformation (2.28) is equivalent to the spinorial transformation
of the tetrad with
LAB =
[
λ−1∆−
1
2 hφ2∆
1
2
0 λ∆
1
2
]
(2.32)
M A˙
B˙
= ∆
1
2 D−1 A˙
B˙
where
2h := −λ−1D−1 R˙
S˙
∂pS˙
∂q′R˙
=
1
∆
D R˙
S˙
∂p′S˙
∂qR˙
=
∂σR˙
∂q′R˙
+
1
∆
∂(λ−1)
∂qR˙
pR˙ (2.33)
[If ΨA...B˙... is a spinorial quantity, it transforms according to formula
Ψ′A...B˙... = LAR...M
B˙
S˙
...ΨR...S˙... ]
Performing reduction of Einstein equations to the hyperheavenly equation it is convenient
to maintain J ′A˙ = J A˙ = const and K ′A˙ = KA˙ = const. It puts some restrictions on the
gauge freedom. After some analysis one finds that the gauge freedom is restricted to the
following transformations
w′ = w′(w) , t′ = t′(w, t) , t′t = λ
− 1
2 → (2.34)
D B˙
A˙
=
∂q′
A˙
∂qB˙
= −1
τ
(t′wJA˙ + w
′
wKA˙)J
B˙ +
1
τ
λ−
1
2JA˙K
B˙
D−1 B˙
A˙
=
1
τ
(
λ
1
2
t′w
w′w
JA˙ −
1
w′w
KA˙
)
J B˙ +
1
τ
λ
1
2JA˙K
B˙
σA˙ = σJ A˙ , ∆ = w′wλ
− 1
2
6
where σ = σ(w, t) is an arbitrary function and, of course,
∂t =
1
τ
J A˙
∂
∂qA˙
, ∂w =
1
τ
KA˙
∂
∂qA˙
(2.35)
Straightforward but long calculations show that the function W transforms under (2.34)
as follows [18]
(w′w)
2λ
3
2W ′ = W +
µ
2τ 2
λ
1
2 t′w
(
φ3η +
1
2
λ
1
2 t′wφ
4
)
− 1
3
Lφ3 (2.36)
− 1
2τ
λ
1
2w′w
∂
∂q(A˙
(
1
w′w
∂t′
∂qB˙)
)
pA˙pB˙
+
(
− 1
2
λw′w
∂σ
∂qA˙
+
Λ
12τ 2
(λt′w
2
J A˙ − 2λ 12 t′wKA˙)
)
pA˙ −M
where M and L are arbitrary functions of qA˙ only, giving an additional gauge freedom
for W . Similarly, for the structural functions µ′, ν ′, κ′ and γ′ one gets [18]
λ−
3
2 µ′ = µ (2.37a)
w′wλ
−1 ν ′ = ν − 2λw′wσµt − 3µw′w (σλ)t (2.37b)
(w′w)
2λ−
1
2κ′ = κ + λ
1
2 t′w ν + 2τ Lt (2.37c)
+λ
1
2σw′w
(
λ (t′wµt − λ−
1
2µw) +
3
2
µ (t′wλt − λ−
1
2λw)
)
(w′w)
2γ′ = γ + 3µM − (w′w)
1
2 [(w′w)
− 1
2 ]ww +
1
2
λw′wτνσ (2.37d)
−3
2
(λw′w)
2µτσσt − 1
4
τλ(w′wσ)
2(3µλt + 2λµt) +
Λ
3
L
Finally
η′ =
λ−1
w′w
η + λ−
1
2
t′w
w′w
φ+ τσ =
λ−
1
2
w′w
(
t′t η + t
′
w φ
)
+ τσ (2.38)
2.4 Simplifications for concrete algebraic types.
It follows from (2.37c) that for all types the structural function κ can be always
gauged away by appropriate choice of the gauge function L.
The types [II, D] ⊗ [any] are characterised by C(3) 6= 0, so the structural function µ
must be nonzero. However, by using the λ transformation it can be always gauged to
constant value. With nonzero, constant µ, the function ν can be gauged to zero (compare
(2.37b)). It corresponds to the choice of tetrad in which C(2) = 0. The last step is to
remove γ with help of M (2.37d). Summing up, in the cases [II, D] ⊗ [any], not losing
generality but only fixing coordinate gauge freedom one can always put ν = κ = γ = 0,
and µ = µ0 = const. Coefficient C
(1) = 6µ0φ
7J A˙WqA˙ = 6µ0φ
7τWt. The well known, type
[D]⊗ [any] condition, 0 = 2C(2)C(2) − 3C(1)C(3), yields C(1) = 0, so with these choice of
tetrad, for the type [D]⊗ [any], the key function W is a function of three variables only,
W = W (φ, η, w).
For the type [III] ⊗ [any], C(3) = 0, so µ = 0. Employing the formulae (2.37c) and
(2.37d) one finds, that a gauge freedom can be used to set κ = γ = 0, and ν = ν0 = const.
For type [N]⊗ [any], C(3) = C(2) = 0 → µ = ν = 0. With κ = 0, C(1) = 2φ7τγt, so
the type [N]⊗ [any] is characterised by γt 6= 0.
If additionally C(1) = 0 then γ = γ(w) and it can be gauged away with help of w′w
or L (compare (2.37d)). Consequently (see (2.22)) CABCD = 0, but when Λ 6= 0 there
does not exist any nonexpanding congruence of self-dual null strings. Such spaces admit
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conformal Killing symmetries (as we will show in section 3) and we are going to consider
them in all details in the next paper.
We summarize the above considerations in the following table
Structural [II]⊗ [any] [III]⊗ [any] [N]⊗ [any]
functions [D]⊗ [any]
µ µ0 = const 6= 0 0 0
ν 0 ν0 = const 6= 0 0
κ 0 0 0
γ 0 0 γ = γ(t, w) , γt 6= 0
Remark: in section 5 we deal with the classification of Killing vectors and in some cases
in order to simplify the forms of these vectors we choose the gauges different of these
presented in the above table.
3 Conformal Killing symmetries.
3.1 Conformal Killing equations and their integrability condi-
tions in spinorial formalism.
Define the spin-tensor gaAB˙ by the relation gAB˙ = g AB˙a e
a. Hence, −1
2
gaAB˙gbAB˙ = δ
a
b
and −1
2
gaAB˙gaCD˙ = δ
A
Cδ
B˙
D˙
. The operators ∂AB˙ and ∇AB˙ are spinorial equivalences of
operators ∂a and ∇a, respectively, given by
∂AB˙ = g AB˙a ∂
a ∇AB˙ = g AB˙a ∇a (3.1)
In the basis (2.4)
∂AB˙ =
√
2 (δA1 ðB˙ − δA2 ∂B˙) =
√
2 [ðB˙,−∂B˙] (3.2)
Killing vector has the form
K = Ka ∂a = −1
2
KAB˙∂
AB˙ = kB˙ð
B˙ − hB˙∂B˙ (3.3)
where we use the decomposition
KAB˙ = −
√
2 (δ1A kB˙ + δ
2
A hB˙) = −
√
2 [kB˙, hB˙] (3.4)
Components of the Killing vector, Ka and KAB˙ are related by the condition
Ka = −1
2
gaAB˙KAB˙ ↔ KAB˙ = gaAB˙Ka (3.5)
Conformal Killing equations with a conformal factor χ read
∇(aKb) = χ gab (3.6)
In spinorial form
∇ B˙A K D˙C +∇ D˙C K B˙A = −4χ ∈AC∈B˙D˙ (3.7)
what is equivalent to the following equations
E B˙D˙AC ≡ ∇
˙(B
(A K
D˙)
C) = 0 (3.8a)
E ≡ ∇NN˙KNN˙ + 8χ = 0 (3.8b)
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From (3.8a) and (3.8b) it follows that
∇ B˙A K D˙C = lAC ∈B˙D˙ +lB˙D˙ ∈AC −2χ ∈AC∈B˙D˙ (3.9)
with
lAC :=
1
2
∇ N˙(A KC)N˙ lB˙D˙ :=
1
2
∇N(B˙K D˙)N (3.10)
In [14] the integrability conditions of (3.8a) and (3.8b) have been found. For the Einstein
space (CABC˙D˙ = 0, R = −4Λ) these conditions consist of the following equations
L A˙RST ≡ ∇ A˙R lST + 2CNRSTK A˙N +
2
3
Λ ∈R(S K A˙T ) + 2 ∈R(S ∇ A˙T ) χ = 0 (3.11a)
MABCD ≡ KNN˙∇NN˙CABCD + 4CN(ABC lD)N − 4χCABCD = 0 (3.11b)
N A˙B˙AB ≡ ∇ A˙A ∇ B˙B χ−
2
3
Λχ ∈AB∈A˙B˙= 0 (3.11c)
R A˙ABC ≡ CNABC∇ A˙N χ = 0 (3.11d)
for undotted lAB and CABCD and the respective equations L
A
R˙S˙T˙
, MA˙B˙C˙D˙ and R
A
A˙B˙C˙
for dotted lA˙B˙ and CA˙B˙C˙D˙.
3.2 Explicit form of the conformal Killing equations and their
integrability conditions in expanding hyperheavenly spaces
with Λ.
Equations (3.8a) - (3.8b) together with their integrability conditions (3.11a) - (3.11d)
form our problem to be solved. Using the formula for the spinorial covariant derivative
∇MN˙ΨAB˙CD˙ = ∂MN˙ΨAB˙CD˙ + ΓASMN˙ ΨSB˙CD˙ − ΓSCMN˙ ΨAB˙SD˙ (3.12)
+ΓB˙
S˙MN˙
ΨAS˙
CD˙
− ΓS˙
D˙MN˙
ΨAB˙
CS˙
the decomposition (2.20), the formulae (3.2) and (3.4), after some work one obtains the
system of equations:
Conformal Killing equations
E A˙B˙11 ≡ 2φ−2 ∂(A˙
(
φ2kB˙)
)
= 0 (3.13)
E A˙B˙12 ≡ ∂(A˙
(
hB˙) − φ2kS˙ QB˙)S˙
)
+ φ2
∂k(A˙
∂qB˙)
+QA˙B˙ ∂S˙(φ2kS˙) = 0
E A˙B˙22 ≡ 2ð(A˙hB˙) + 2φ2 ðS˙QS˙(A˙kB˙) − 2φ2 hS˙∂S˙QA˙B˙ = 0
1
2
E ≡ 4χ− ðN˙kN˙ + ∂N˙hN˙ + 4φ−1hS˙J S˙ − φ4kS˙ ∂A˙(φ−2QA˙S˙) = 0
then
l11 = ∂
N˙kN˙ (3.14)
2 l12 = ∂N˙h
N˙ + ðN˙k
N˙ + 2φ−1 hN˙J
N˙ + φ2kN˙ ∂S˙Q
S˙N˙
l22 = ðN˙h
N˙ + φ2kN˙ ðS˙Q
S˙N˙ − 2φhN˙JM˙ QN˙M˙
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Integrability conditions L A˙RST
− 1√
2
L A˙111 ≡ φ−3 ∂A˙
(
φ3l11
)
= 0 (3.15)
− 1√
2
L A˙112 ≡ ∂A˙(l12 + χ) + φ l11 JS˙QS˙A˙ − kA˙
(
C(3) − 1
3
Λ
)
= 0
− 1√
2
L A˙122 ≡ ∂A˙l22 + 3φ−1 l22J A˙ + 2φ l12JS˙QS˙A˙ + hA˙
(
C(3) +
2
3
Λ
)
− C(2)kA˙ + 2 ðA˙χ = 0
− 1√
2
L A˙211 ≡ ðA˙l11 + φ l11 ∂S˙(φQS˙A˙)− 2φ−1 l12 J A˙ − kA˙
(
C(3) +
2
3
Λ
)
− 2 ∂A˙χ = 0
− 1√
2
L A˙212 ≡ ðA˙(l12 − χ)− φ−1 l22 J A˙ + φ2 l11 ðS˙QS˙A˙ + hA˙
(
C(3) − 1
3
Λ
)
− kA˙C(2) = 0
− 1√
2
L A˙222 ≡ ðA˙l22 − φ l22 ∂S˙(φQS˙A˙) + 2φ2 l12 ðS˙QS˙A˙ + C(2)hA˙ − C(1)kA˙ = 0
Integrability conditions MABCD
M1111 ≡ 0 (3.16)
M1112 ≡ −3
2
φ−2C(3) ∂N˙(φ2kN˙) = 0
M1122 ≡ hN˙ ∂N˙C(3) − kN˙ ðN˙C(3) − 2χC(3) − φ−2C(2) ∂N˙(φ2kN˙) = 0
M1222 ≡ hN˙ ∂N˙C(2) − kN˙ ðN˙C(2) + C(2)
[− 2χ− l12 + φ kN˙ ∂S˙(φQS˙N˙) + 3φ−1hN˙J N˙]
+
3
2
C(3)
[
l22 − 2φ2kN˙ · ðS˙QS˙N˙ + 2φhN˙JS˙QN˙S˙
]− 1
2
φ−2C(1) ∂N˙(φ2kN˙) = 0
M2222 ≡ hN˙ ∂N˙C(1) − kN˙ ðN˙C(1) − 2C(2)
[
2φ2 kN˙ ðS˙Q
S˙N˙ − l22 − 2φhN˙JS˙QN˙S˙
]
+2C(1)
[
φkN˙ ∂S˙(φQ
N˙S˙) + 3φ−1J N˙hN˙ − l12 − χ
]
= 0
Integrability conditions N A˙B˙AB
N A˙B˙11 ≡ 2φ−2 ∂(A˙
[
φ2∂B˙)χ
]
= 0 (3.17)
N A˙B˙12 ≡ N B˙A˙21
N A˙B˙21 ≡ 2φ2
∂
∂qA˙
∂B˙χ− 2φJ A˙ ∂χ
∂qB˙
− 2φJ A˙ ∂S˙χ ·QB˙S˙ +
2
3
Λχ ∈A˙B˙
+2φ2 ∂S˙χ · ∂B˙QS˙A˙ + 2φJS˙ ∂A˙χ ·QB˙S˙ + 2φ2QA˙S˙ ∂S˙∂B˙χ = 0
N A˙B˙22 ≡ 2ðA˙ðB˙χ+ 2φ2 ∂B˙χ · ðS˙QS˙A˙ − 2φ2 ðS˙χ · ∂S˙QA˙B˙ + 2φ ∈A˙B˙ JS˙ ðC˙χ ·QC˙S˙ = 0
Integrability conditions R A˙ABC
R A˙111 ≡ 0 (3.18)
R A˙112 ≡
√
2
2
C(3) ∂A˙χ = 0
R A˙122 ≡
√
2
2
(
C(2) ∂A˙χ− C(3) ðA˙χ
)
= 0
R A˙222 ≡
√
2
2
(
C(1) ∂A˙χ− C(2) ðA˙χ
)
= 0
3.3 Preparatory analysis.
Simple analysis of integrability conditions R A˙ABC and N
A˙B˙
AB shows that our problem
can be divided into two subcases. With |C(3)| + |C(2)| + |C(1)| 6= 0 assumed, from the
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conditions R A˙ABC it follows that ∂
A˙χ = 0, so conformal factor is a function of qM˙ only.
However, inserting it to the N A˙B˙21 one obtains
− 2φJ A˙ ∂χ
∂qB˙
+
2
3
Λχ ∈A˙B˙= 0 (3.19)
It is linear polynomial in φ, so Λχ = 0 and ∂χ
∂qA˙
= 0 → χ = χ0 = const. Thus we arrive
at the conclusion that
Λχ0 = 0 (3.20)
Therefore, four-dimensional space of the types [II,D, III or N]⊗ [any] with nonzero com-
plex expansion does not admit any conformal Killing symmetries with nonconstant χ.
This proves that the example from our previous work [1] describes the less degenerate
space which admits conformal Killing vector with χ 6= const at all. Moreover, from
(3.20) one infers that for any homothetic Killing symmetry (χ0 6= 0) cosmological con-
stant Λ = 0.
On the other hand, when CABCD = 0, the integrability conditions R
A˙
ABC are identi-
cally satisfied and information about conformal factor χ must be extracted from N A˙B˙AB
conditions. The conformal factor must satisfy the condition N A˙B˙11 which solution is very
simple
χ = a
η
φ
+ b
1
φ
+ c (3.21)
where a, b and c are arbitrary functions of qM˙ only. As we mentioned earlier, we do not
enter this subcase here and we deal with it in the next work.
3.4 Final results.
Let’s summarize the most important results. There are 5 arbitrary functions of qM˙
only, δB˙, , α and β. Components of the homothetic Killing vector are
kB˙ = φ−2δB˙ (3.22a)
hB˙ = δS˙ Q
S˙B˙ +
(
2χ0 +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pB˙ +
∂δS˙
∂qB˙
pS˙ + J B˙ (3.22b)
In the base
(
∂
∂qA˙
, ∂
∂pB˙
)
the homothetic Killing vector
K = δB˙
∂
∂qB˙
−
[(
2χ0 +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pB˙ +
∂δS˙
∂qB˙
pS˙ + J B˙
]
∂
∂pB˙
(3.23)
The system of ten homothetic Killing equations can be reduced to one, expanding master
equation
£KW = −W
(
4χ0 +
4
τ
K(S˙JN˙)
∂δS˙
∂qN˙
+
1
τ
KN˙JS˙
∂δS˙
∂qN˙
− ∂δ
N˙
∂qN˙
)
+ P (3.24)
where £KW = KW is the Lie derivative of the key function and P is a fourth order
polynomial in pS˙
P := − 1
2τ 3
KS˙KN˙
∂δS˙
∂qN˙
η
(
µφ3 − Λ
3
)
+
1
2
∂2δS˙
∂qB˙∂qR˙
pR˙pS˙pB˙φ
−1 (3.25)
+αφ3 +
1
2
∂
∂qA˙
pA˙ + β
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The integrability conditions of homothetic Killing equations read
Λχ0 = 0 χ0 = const (3.26a)
JA˙JB˙
∂δA˙
∂qB˙
= 0 (3.26b)
δN˙
∂µ
∂qN˙
− 4µχ0 − 3
τ
µKS˙JN˙
∂δS˙
∂qN˙
= 0 (3.26c)
τδN˙
∂ν
∂qN˙
− 3µ ∂
∂qN˙
J N˙ − 2 ∂µ
∂qN˙
J N˙ + τν
(
∂δN˙
∂qN˙
− 2χ0 − 1
τ
JN˙KS˙
∂δS˙
∂qN˙
)
= 0 (3.26d)
6µβ + τν+ 2Λα + 2δN˙
∂γ
∂qN˙
+
4
τ
γ JN˙KS˙
∂δN˙
∂qS˙
(3.26e)
− 1
τ 3
KA˙KB˙KC˙JN˙
∂3δN˙
∂qA˙∂qB˙∂qC˙
= 0
µ
{
δN˙
∂κ
∂qN˙
+ 6J N˙
∂α
∂qN˙
+
ν
τ
KN˙KS˙
∂δS˙
∂qN˙
− 
τ
KN˙
∂µ
∂qN˙
(3.26f)
+κ
(
2
∂δN˙
∂qN˙
+
1
τ
JN˙KS˙
∂δS˙
∂qN˙
− 2χ0
)}
= 0
Λ
{
δN˙
∂κ
∂qN˙
+ 6J N˙
∂α
∂qN˙
+
ν
τ
KN˙KS˙
∂δS˙
∂qN˙
− 
τ
KN˙
∂µ
∂qN˙
(3.26g)
+κ
(
2
∂δN˙
∂qN˙
+
1
τ
JN˙KS˙
∂δS˙
∂qN˙
− 2χ0
)}
= 0
For completeness we give the formulas for the spinors lAB
l11 = −2φ−3 JN˙δN˙ (3.27a)
l12 = 2φ
−1 J N˙δN˙ JB˙∂
B˙W + φ−1KN˙δN˙
1
τ
(
µφ3 − Λ
3
)
+
1
τ
JN˙KA˙
∂δN˙
∂qA˙
(3.27b)
l22 = 2φ
3JN˙δ
N˙
(
γ − φ−2(JS˙∂S˙W )2 − µφ4 ∂φ(φ−3W ) +
Λ
3
φ−2 ∂φW
)
(3.27c)
−2φ2 1
τ
J N˙K S˙
∂δN˙
∂qS˙
JB˙∂
B˙W − φ3 δN˙pN˙
∂µ
∂qC˙
pC˙ + 2φ3 δN˙pN˙ NS˙J
S˙
− Λ
3τ 2
φ
∂δS˙
∂qN˙
(
2φKN˙KS˙ + η (2KS˙JN˙ +KN˙JS˙)
)
− φ
(
2µφ3 +
Λ
3
)
−µφ4 1
τ 2
∂δS˙
∂qN˙
(
φKN˙KS˙ + η(2KN˙JS˙ +KS˙JN˙)
)
− φ3 1
τ 2
KS˙KA˙JN˙
∂2δN˙
∂qA˙∂qS˙
3.5 Transformation formulas.
Transformation formulas for the functions δA˙, , α and β are useful in analysis of
classification of the Killing vector. From the transformation rule of any Killing vector we
easily find that
δ′A˙ = ∆D−1 A˙
B˙
δB˙ (3.28)
R′A˙ = λ−1D−1 A˙
B˙
RB˙ − δB˙ ∂p
′A˙
∂qB˙
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where RA˙ is defined by (6.13).
Using the decomposition
τδA˙ = aKA˙ + bJ A˙ ↔ a := JA˙δA˙ , b := −KA˙δA˙ (3.29)
where b = b(w, t) and by (3.26b), a = a(w) one gets
a′ = w′wa (3.30)
b′ = λ−
1
2 b+ t′wa (3.31)
′ = (λw′w)
−1− σ
[
2χ0 + aw − 2bt + a (lnσλw′w)w + b (lnσλ)t
]
(3.32)
Much more complicated transformation rules for α and β follow from invariancy of the
master equation and they read
(w′w)
2α′ = α− 1
2τ
µσλ
3
2w′w
(
∂w − t
′
w
λ−
1
2
∂t
)(
λ−
1
2 b+ t′wa
)
(3.33)
− 1
2τ
µλ
1
2 t′w −
1
3
aLw − 1
3
bLt +
2
3
L(χ0 − aw)
(w′w)
2λ
3
2β′ = β − 1
2
τσλ2(w′w)
2∂
′
∂t
+
1
2
τ(σλw′w)
2∂t
(
λ
1
2 ∂t
(
λ−
1
2 b+ t′wa
))
(3.34)
+
1
2
τλσtw
′
w −M(4χ0 − 3bt + 2aw)− aMw − bMt
+
Λ
6τ
λ
1
2 t′w +
Λ
6τ
σw′wλ
3
2
(
∂w − t
′
w
λ−
1
2
∂t
)(
λ−
1
2 b+ t′wa
)
The formulae from (3.30) to (3.34) are presented in the form very similar to that from
Ref. [15]. It seems, that there are several small misprints in transformation formulas in
[15].
It is useful to present integrability conditions (3.26b) - (3.26g), the master equation
and the form of the homothetic Killing vector, by using a, b and coordinates (φ, η, w, t)
instead of δA˙ and (pA˙, qB˙). Thus we have
aµw + bµt − 4µχ0 + 3µbt = 0 (3.35a)
aνw + bνt − 3µt − 2µt + ν
(
aw + 2bt − 2χ0
)
= 0 (3.35b)
6µβ + τν+ 2Λα + 2aγw + 2bγt + 4γaw − awww = 0 (3.35c)
µ
(
aκw + bκt + 6ταt − νbw − µw + κ
(
2aw + bt − 2χ0
))
= 0 (3.35d)
Λ
(
aκw + bκt + 6ταt − νbw − µw + κ
(
2aw + bt − 2χ0
))
= 0 (3.35e)
and the form of the homothetic Killing vector
K = a
∂
∂w
+ b
∂
∂t
+ (bt − 2χ0)φ ∂
∂φ
(3.36)
+
(
(2bt − aw − 2χ0)η + bwφ− τ
) ∂
∂η
Finally, the master equation reads
£KW = −(4χ0 + 2aw − 3bt)W + bw
2τ 2
η
(
µφ3 − Λ
3
)
+ αφ3 (3.37)
+
1
2τ
(
− bwwφ2 − bttη2 + (aww − 2btw)ηφ
)
+
1
2
(wφ+ tη) + β
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4 Classification of Killing vectors.
Classification of Killing vectors can be done in many different ways. Algebraic type
of the self-dual conformal curvature can be treated as a main criterion and then the form
of the covariant derivative of the Killing vector described by the spinor lAB is the subcri-
terion. That way was chosen in [15]. We propose the different way, presented in the table:
Isometric symmetries Functions Homothetic symmetries Functions
Type IK1 a 6= 0 Type HK1 a 6= 0
Type IK2 a = 0, b 6= 0 Type HK2 a = 0, b 6= 0
Type IK3 a = b = 0,  6= 0 Type HK3 a = b =  = 0
Using the transformation formulas (3.30)-(3.34) we can reduce the form of the Killing
vector to one of three canonical forms, namely K = ∂w, K = ∂t or K = ∂η (note the dif-
ference with [15]). The second step is to use the transformation formulas (2.37a) - (2.37d)
and the remaining gauge freedom in order to simplify the hyperheavenly equation.
Generally the results in the tables below follow from the analysis of the master equa-
tion and its integrability conditions. In some cases important constraints on struc-
tural functions are given by analysis of the hyperheavenly equation. In order to dis-
tinguish those cases, we use the symbol
HH
= . [For example, in type IK1, algebraic types
[III,N] ⊗ [any] with Λ = 0 has κ = κ(w, t) and remainig gauge freedom seems to be
useless. However, simple analysis of hyperheavenly equation proves, that κw = 0, so
κ = κ(t) and it can be gauged away. In that case we marked it as κ HH= 0].
4.1 Isometric Killing symmetries.
Here we give a classification of isometric Killing vectors (IK). For all subcases χ0 = 0.
When some constant or function cannot be identically equal to 0, it is clearly marked as
6= 0. All nonzero constants except cosmological constant, can be re-scaled to 1.
4.1.1 Type IK1 (K = ∂w)
The form of Killing vector and the key function:
Functions Killing vector Master equation The key function
a = 1, b =  = α = β = 0 K = ∂w £KW = 0 W = W (η, φ, t)
Concrete algebraic types are characterized by:
[II, D]⊗ [any] [III]⊗ [any] [N]⊗ [any]
µ = µ0 6= 0, ν = 0 µ = 0, ν = ν0 6= 0 µ = ν = 0
Λ arbitrary Λ = 0 Λ 6= 0 Λ = 0 Λ 6= 0
κ = 0 κ HH= 0 κ = 0 κ HH= 0 [κ = κ0 6= 0, γ = 0]
γ = 0 γ = 0 γ = 0 γ = γ(t), γt 6= 0 or
[ κ = 0, γ = γ(t), γt 6= 0]
4.1.2 Type IK2 (K = ∂t)
The form of Killing vector and the key function:
Functions Killing vector Master equation The key function
b = 1, a =  = α = β = 0 K = ∂t £KW = 0 W = W (η, φ, w)
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Concrete algebraic types are characterized by:
[II, D]⊗ [any] [III]⊗ [any] [N]⊗ [any]
µ = µ(w), µw 6= 0 µ = µ0 6= 0 µ = 0 µ = 0
ν = ν0 ν = ν0 6= 0 ν = 0 ν = ν0 6= 0 ν = 0
Λ arbitrary Λ arbitrary Λ arbitrary Λ = 0 Λ 6= 0 Λ 6= 0
κ = 0 κ = 0 κ = κ0 κ
HH
= 0 κ = 0 κ = κ0 6= 0
γ = 0 γ = 0 γ = 0 γ = 0 γ = 0 γ = 0
4.1.3 Type IK3 (K = ∂η)
The form of Killing vector and the key function:
Functions Killing vector Master equation The key function
 = − 1
τ
, a = b = β = 0 K = ∂η £KW = αφ
3 W = αφ3η + F (φ,w, t)
Concrete algebraic types are characterized by:
[II, D]⊗ [any] [III]⊗ [any] [N]⊗ [any]
µ = µ0 6= 0, ν = 0 µ = 0, ν = 2α0Λ 6= 0 µ = ν = 0
Λ arbitrary Λ 6= 0 Λ = 0 Λ 6= 0
α = 0 α = α0 6= 0 α HH= α0 α = 0
κ = γ = 0 [κ = 0, γ = γ(w, t)] κ = 0 [κ = 0, γ = γ(w, t), γt 6= 0]
or γ = γ(w, t), γt 6= 0 or
[κ = κ(w, t), γ = 0] [κ = κ(w, t) 6= 0, γ = 0]
4.2 Homothetic Killing symmetries with χ0 6= 0.
In this subsection complete classification of homothetic Killing vectors (HK) with
χ0 6= 0 is done. In all subcases χ0 6= 0, but cosmological constant Λ = 0.
4.2.1 Type HK1 (K = ∂w − 2χ0(φ∂φ + η∂η))
The form of Killing vector and the key function:
Functions Killing vector Master equation The key function
a = 1, b =  = α = β = 0 K = ∂w − 2χ0(φ∂φ + η∂η) £KW = −4χ0W W = e−4χ0wF (x, y, t)
where x := φ e2χ0w and y := η e2χ0w
Concrete algebraic types are characterized by:
[II, D]⊗ [any] [III]⊗ [any] [N]⊗ [any]
µ = e4χ0w µ = 0 µ = 0
ν = 0 ν = e2χ0w ν = 0
κ = 0 κ HH= 0 κ HH= 0
γ = 0 γ = 0 γ = γ(t) , γt 6= 0
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4.2.2 Type HK2 (K = ∂t − 2χ0(φ∂φ + η∂η))
The form of Killing vector and the key function:
Functions Killing vector Master equation The key function
b = 1, a =  = α = β = 0 K = ∂t − 2χ0(φ∂φ + η∂η) £KW = −4χ0W W = e−4χ0tF (x, y, w)
where x := φ e2χ0t and y := η e2χ0t
Concrete algebraic types are characterized by:
[II, D]⊗ [any] [III]⊗ [any] [N]⊗ [any]
µ = κ(w)e4χ0t, κ 6= 0 µ = 0 does not
ν = 0 ν = e2χ0t admit any
κ = 0 κ HH= 0 homothetic vector
γ = 0 γ = 0 of the Type HK2
4.2.3 Type HK3 (K = −2χ0(φ∂φ + η∂η))
The form of Killing vector and the key function:
Functions Killing vector Master equation The key function
a = b =  = α = β = 0 K = −2χ0(φ∂φ + η∂η) £KW = −4χ0W W = W (pA˙, qB˙)
The master equation gives
φ
∂W
∂φ
+ η
∂W
∂η
= 2W → pA˙ ∂W
∂pA˙
= 2W (4.1)
so W is an arbitrary homogenous function of the degree 2 in the variables pA˙.
Concrete algebraic types are characterized by:
[II, D]⊗ [any] [III]⊗ [any] [N]⊗ [any]
does not does not µ = 0
admit any admit any ν = 0
homothetic vector homothetic vector γ = γ(w, t), γt 6= 0
of the Type HK3 of the Type HK3 κ = κ0
5 Examples of expanding HH-spaces with symmetry.
5.1 Type [D]⊗ [any]
As a first example we consider the algebraic type [D] ⊗ [any]. We show the way to
reduce the hyperheavenly equation as much as possible. Type [D]⊗ [any] appears when
2C(2)C(2) − 3C(1)C(3) = 0 (5.1)
Equation (5.1) is a differential equation for the key function W and this equation can be
easily solved in all subcases.
Type IK1
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Equation (5.1) yields Wt = 0 → W = W (φ, η) and the hyperheavenly equation reads
τ 2
(
WηηWφφ −WηφWηφ + 2φ−1WηWηφ − 2φ−1WφWηη
)
(5.2)
−µ0
(
φ2Wφφ − 3φWφ + 3W
)− Λ
6
φ−1Wφφ = 0
(Note that µ0 can be gauged to 1).
Type IK2
For all three subcases pointed in the respective table we find that the type [D] ⊗ [any]
condition (5.1) is equivalent to the equation
(τ 2ν0 + τµwφ)
∂W
∂η
=
(τν0 + 2µwφ)
2
6µ
− 1
2
µwwφ
2 +
(
µφ3 − Λ
3
)(µwη
2τ
+
κ0
2
)
(5.3)
When µw = 0 and ν0 = 0 the equation (5.3) gives no constraints on the key function, but
κ0 must vanish. Then the hyperheavenly equation takes the form
τ 2
(
WηηWφφ −WηφWηφ + 2φ−1WηWηφ − 2φ−1WφWηη
)
+ τφ−1Wwη (5.4)
−µ0
(
φ2Wφφ − 3φWφ + 3W
)− Λ
6
φ−1Wφφ = 0
with W = W (η, φ, w). Note that µ0 can be gauged to 1.
When at least one of µw or ν0 is 6= 0 we find the general solution of (5.3) to be (remember
that κ0 = 0)
W =
(ν0τ + 2µwφ)
2 − 3µµwwφ2
6µ(τ 2ν0 + τµwφ)
η +
µw(µφ
3 − Λ
3
)
4τ(τ 2ν0 + τµwφ)
η2 + F (φ,w) (5.5)
with F (φ,w) being an arbitrary function. Inserting this into hyperheavenly equation
together with κ = γ = 0, one gets the second-order polynomial in η. The conditions
following from quadratic and linear terms in η are identically satisfied. Finally, one
arrives at the equation for F(
2τ 2mφ−µφ3− Λ
6
)
Fφφ + (3µφ
2− 4τ 2m)Fφ− 3µφF + τnw + 2τ 2nnφ− τ 2φn2φ = 0 (5.6)
where n and m are given by
m =
µw(µφ
3 − Λ
3
)
4τ(τ 2ν0 + τµwφ)
, n =
(ν0τ + 2µwφ)
2 − 3µµwwφ2
6µ(τ 2ν0 + τµwφ)
(5.7)
We are going to study Eqs. (5.2) and (5.6) elsewhere.
[It is easy to check (by substituting (5.5) into the master equation), that in general the
second Killing vector does not exist].
Type IK3
Equation (5.1) gives Ft = 0 → F = F (φ,w) and consequently the hyperheavenly
equation reduces to
µ0
(
φ2Fφφ − 3φFφ + 3F
)
+
Λ
6
φ−1Fφφ = 0 (5.8)
(µ0 can be gauged to 1).
This equation can be easily solved (see subsection 5.2).
Type HK1
The hyperheavenly equation for the types [II, D]⊗ [any] in (x, y, w, t) coordinates reads
τ 2
(
FyyFxx − F 2xy + 2x−1FyFxy − 2x−1FxFyy
)
(5.9)
+τx−1
(
2χ0(yFyy + xFxy − Fy)− Fxt
)
−
(
x2Fxx − 3xFx + 3F
)
− 2χ0
τ
xy = 0
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where F = F (x, y, t) is an arbitrary function of its variables, and x := φ e2χ0w, y :=
η e2χ0w.
Condition (5.1) for the type [D] ⊗ [any] implies the differential equation of the general
solution
F (x, y, t) =
1
4τ 2
x2y2 +
2χ0
3τ
yx+ f
(
x, y +
4
3
χ0xt
)
(5.10)
with f being an arbitrary function of its variables modulo the hyperheavenly equation.
Inserting (5.10) into (5.9) we obtain
τ 2
(
fxxfzz − f 2xz + 2x−1fzfxz − 2x−1fxfzz
)− 1
2
(
x2fxx + 2xzfxz + z
2fzz
)
(5.11)
+2xfx + 2zfz +
2
3
τχ0x
−1(zfzz + xfxz)− 2τχ0x−1fz − 3f + 4
9
χ20 = 0
where f = f(x, z) and z stands for z = y + 4
3
χ0xt.
Type HK2
Now, the hyperheavenly equation for the types [II, D]⊗ [any] reads
τ 2
(
FyyFxx − F 2xy + 2x−1FyFxy − 2x−1FxFyy
)
(5.12)
+τx−1
(
Fyw − 2χ0(xFxx + yFxy − Fx)
)
− κ
(
x2Fxx − 3xFx + 3F
)
+
1
2τ
(
4χ0κy
2 − κwxy
)
= 0
where F = F (x, y, w) is an arbitrary function of its variables and x := φ e2χ0t, y := η e2χ0t.
Then the condition (5.1) determining the type [D]⊗ [any] leads to
F (x, y, w) = − κ
2
w
64τ 2χ20κ
x4 − κw
8τ 2χ0
yx3 +
3κκww − 4κ2w
24τκ2χ0
x2 +
2χ0
3τ
y2 (5.13)
+f
(
xy +
κw
4κχ0
x2, w
)
with f beeing the arbitrary function of its variables. Inserting (5.13) into (5.12) we find
the form of the reduced hyperheavenly equation
τ 2
(
f 2z − 2zfzfzz
)− (κz2 + τκw
3κ
z
)
fzz +
(
3κz − 2τκw
3κ
)
fz (5.14)
+τfzw − 3κf − 3κκww − 4κ
2
w
9κ2
= 0
where z = xy + κw
4κχ0
x2 and f = f(z, w).
Type HK3
This type does not admit any algebraic type [D]⊗ [any].
5.2 Type IK3
As a second example we present some explicit solutions for the type IK3 for different
algebraic types. All possible simplifications are gathered in subsection (4.1.3).
Type [II,D]⊗ [any]
We have here µ0 6= 0, ν = κ = γ = α = 0, Λ is arbitrary. The hyperheavenly equation
gives (
µ0φ
3 +
Λ
6
)
Fφφ − 3µ0φ2Fφ + 3µ0φF + τFφt = 0 (5.15)
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In Eqs. (5.15) the variables can be separated. This example was presented in [15].
Type [D]⊗ [any]
Condition (5.1) gives Ft = 0 and this yields(
µ0φ
3 +
Λ
6
)
Fφφ − 3µ0φ2Fφ + 3µ0φF = 0 (5.16)
The general solution of (5.16) is
F (φ,w) = µ0 f(w)φ
3 + g(w)φ− Λ
3
f(w) (5.17)
where f and g are arbitrary functions of their variable. The metric reads
ds2 = (φτ)−2
{
2τ(dη ⊗
s
dw − dφ⊗
s
dt) + 2
(
µ0φ
3 +
Λ
6
)
dt⊗
s
dt+ 2τ 2g dw ⊗
s
dw
}
(5.18)
Curvature
C(3) = −2µ0φ3 , C(2) = C(1) = 0 , CA˙B˙C˙D˙ = −
6µ0
τ 2
φ3 J(A˙JB˙KC˙KD˙) (5.19)
The form of CA˙B˙C˙D˙ proves that now only the type [D]⊗ [D] is allowed.
(In all formulas µ0 can be gauged to 1, if desired).
Type [III]⊗ [any] with Λ 6= 0
After substituting µ = 0 = κ, α0 = const 6= 0, ν = 2α0Λ, Λ 6= 0 and γ = γ(w, t) one
brings the hyperheavenly equation to the form
Λ
6
Fφφ + τFφt + 3τ
2α20φ
5 + γφ = 0 (5.20)
with the general solution
F (φ,w, t) = f
(
τφ− Λ
6
t, w
)
− 3
7Λ
τ 2α20 φ
7 + gt φ
2 − Λ
3τ
gφ+ h (5.21)
where g = g(w, t), h = h(w, t) and f are arbitrary functions of their variables. Moreover,
γ is given by γ = −2τgtt. The general solution for the key function W reads
W (η, φ, w, t) = α0ηφ
3 + f
(
τφ− Λ
6
t, w
)
− 3
7Λ
τ 2α20 φ
7 + gt φ
2 − Λ
3τ
gφ+ h (5.22)
The metric is
ds2 = (φτ)−2
{
2τ(dη ⊗
s
dw − dφ⊗
s
dt) +
Λ
3
dt⊗
s
dt− 8τ 2α0φ3 dw ⊗
s
dt (5.23)
+2
(
− τ 4fzz φ+ 2τ 3fz + 12
Λ
τ 4α20 φ
6 + 2τ 2gt φ− 2
3
τΛg
)
dw ⊗
s
dw
}
where z := τφ− Λ
6
t.
Curvature
C(3) = 0 , C(2) = −2τα0Λφ5 , C(1) = −4τ 2φ7
(
gttt + α
2
0Λφ
3
)
(5.24)
CA˙B˙C˙D˙ = φ
3 J(A˙JB˙JC˙LD˙)
where
LA˙ :=
(
τ 4fzzzz − 360
Λ
τ 2α20 φ
3
)
JA˙ − 24α0KA˙ (5.25)
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So the metric (5.23) describes the types [III]⊗ [III] with Λ 6= 0.
(α0 can be re-gauged to 1 without any loss of generality).
Type [N]⊗ [any] with Λ 6= 0
Here we have µ = ν = κ = α = 0, γ = γ(w, t), γt 6= 0, but cosmological constant is
necessarily 6= 0. This case can be easily obtained from the previous case by substituting
α0 = 0 in formulas (5.20) - (5.25). The key function
W (φ,w, t) = f(z, w) + gt φ
2 − Λ
3τ
gφ+ h (5.26)
where g = g(w, t), h = h(w, t) and f = f(z, w) are arbitrary functions and z := τφ − Λ
6
t.
The nonzero curvature coefficients read
C(1) = −4τ 2gttt φ7 , CA˙B˙C˙D˙ = τ 4fzzzz φ3 JA˙JB˙JC˙JD˙ (5.27)
and the metric takes the following form
ds2 = (φτ)−2
{
2τ(dη ⊗
s
dw − dφ⊗
s
dt) +
Λ
3
dt⊗
s
dt (5.28)
+2
(
− τ 4fzz φ+ 2τ 3fz + 2τ 2gt φ− 2
3
τΛg
)
dw ⊗
s
dw
}
with γ = −2τgtt. If fzzzz 6= 0 and gttt 6= 0 we have a complex metric (5.28) of the type
[N]⊗ [N] with Λ 6= 0.
It is worth-while to note, that the vector ∂η is a null Debever-Penrose vector. Indeed,
the self-dual null string is defined by the Pfaff system dqM˙ = 0. The quadruple dotted
Penrose spinor is proportional to JA˙ (compare (5.27)), so the anti-self-dual null string is
given by the Pfaff system JB˙g
AB˙ = 0. Two sets of null strings intersect each other along
the congruence of complex null geodesic. The tangent vector to this geodesic is tangent
to both self-dual and anti-self-dual null strings. It is easy to check, that this tangent
vector is proportional to 1
τ
J A˙∂A˙ = ∂η. An interesting symmetry arises: the Killing vector
∂η is a null multiple Debever - Penrose vector and it defines the congruence of the null
complex geodesics. Unfortunatelly, the twist of this congruence vanishes.
Type [N]⊗ [any] with Λ = 0
The structural functions read µ = ν = κ = 0, α = α0, γ = γ(w, t), γt 6= 0. The
hyperheavenly equation takes the form
τFφt + 3τ
2α20φ
5 + γφ = 0 (5.29)
One easily gets the general solution of (5.29)
F (φ,w, t) = −1
2
τα20φ
6t− 1
2τ
fφ2 + g + h (5.30)
where g = g(φ,w), h = h(w, t), f = f(w, t), and γ = ft. Finally, the key function W has
the form
W (η, φ, w, t) = α0ηφ
3 − 1
2
τα20φ
6t− 1
2τ
fφ2 + g + h (5.31)
The metric is
ds2 = (φτ)−2
{
2τ(dη ⊗
s
dw − dφ⊗
s
dt)− 8τ 2α0φ3 dw ⊗
s
dt (5.32)
+2
(
9τ 3α20 tφ
5 − τ fφ− τ 2gφφ φ+ 2τ 2 gφ
)
dw ⊗
s
dw
}
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and the curvature reads
C(3) = 0 = C(2) , C(1) = 2τ ftt φ
7 (5.33)
CA˙B˙C˙D˙ = φ
3 J(A˙JB˙JC˙LD˙)
where
LA˙ :=
(
gφφφφ − 180τα20 tφ2
)
JA˙ − 24α0KA˙ (5.34)
So the allowed types are [N]⊗ [III,N] and the type [N]⊗ [N] appears when α0 = 0, ftt 6= 0
and gφφφφ 6= 0. (In the case with nonzero α0, it can be gauged to 1).
5.3 Examples of Osserman spaces with symmetry
The hyperheavenly space theory is useful in analysis of, so called Osserman spaces.
Considerations on the complex relativity remain valid for the case of the ultrahyperbolic
relativity. The complex manifold reduces to the 4-dimensional real smooth Riemannian
manifold with the metric ds2 of signature (++−−). Instead of the complex holomorphic
functions we deal with real smooth functions.
Let (x1, x2, x3, x4) be local coordinates on some open neighborhood of p ∈ M. If
Rαβγδ denote the components of the curvature tensor at p with respect to the natural
basis
(
∂
∂xβ
)
p
(α, β, γ, δ = 1, ..., 4) and Xβ stand for the components of X ∈ TpM in the
same basis then one can define the following endomorphism
R(X) : TpM−→ TpM (5.35)
(R(X)Y )
α := RαβγδX
βXγY δ , Y ∈ TpM
If X ∈ S+pM, where S+pM := {X ∈ TpM : ds2(X,X) = 1}, then this endomorphism is
called the Jacobi operator with respect to X ∈ TpM.
(M, ds2) is said to be Osserman at p ∈ M if the characteristic polynomial of R(X)
is independent of X ∈ S+pM. (M, ds2) is called pointwise Osserman if (M, ds2) is
Osserman at each point p ∈M. The folowing theorem holds true: (M, ds2) is pointwise
Oserman if and only if (M, ds2) is Einstein and self-dual (or anti-self-dual) [16, 18].
(M, ds2) is called globally Osserman if the characteristic polynomial of R(X) is in-
dependent of X ∈ S+(M) (where S+(M) := ∪p∈MS+pM). The following theorem
holds true: (M, ds2) is globally Osserman iff for each point p ∈ M there exist an
open neighbourhood U of p and an orientation on U such that the conditions CABC˙D˙ =
0 = CA˙B˙C˙D˙ hold on U and, moreover, the invariants
(2)
C := CABCD C
CD
AB and
(3)
C :=
CABCD C
CD
EF C
EF
AB are constant on M [16, 18]. It has been proved in [18] that
(2)
C
and
(3)
C are constant onM iff µ = 0, i.e., the corresponding hyperheavenly space is of the
type [III, N]⊗ [−].
Hyperheavenly spaces with Λ and CABCD = 0 (or CA˙B˙C˙D˙ = 0) are pointwise Os-
serman. If additionally Λ 6= 0 and anti-self-dual strings (self-dual strings, respectively)
are expanding then the corresponding pointwise Osserman spaces are not Walker spaces.
Self-duality (anti-self-duality) condition means, that pointwise Osserman spaces may ad-
mit conformal symmetries. We do not still have an algebraic tools advanced enough, to
consider conformal symmetries. In order to deal with such symmetries, it is enough to
take conformal factor in the form (3.21) and CABCD = 0. The analysis of the conformal
symmetries in heavenly spaces with Λ will be considered elsewhere.
The main results presented here allow us to analyse only homothetic and isometric
Killing symmetries in pointwise Osserman spaces. The first way is to take CABCD = 0
(the general case, but still complicated key function W , being in general function of
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four variables). The second is to take CA˙B˙C˙D˙ = 0. Of course, in that way we get only
algebraically degenerate pointwise Osserman spaces, but the key function becomes the
polynomial in pM˙ . Both hyperheavenly equation and master equation can be separated
into the system of the unknown functions of the two variables qA˙. Both ways will be
considered in the work devoted to the symmetries in the Osserman spaces.
However, the simple example of the pointwise and, in fact, global (!) Osserman spaces
admitting isometric Killing symmetry can be easily obtained from the metric (5.28). If f
is a third-order polynomial in z, fzzzz = 0, then the space becomes self-dual and globally
Osserman. Moreover, if gttt 6= 0 the space is globally Osserman of the type [N]⊗ [−] with
Λ 6= 0. It is not a Walker space.
The second example, with Λ = 0 follows from the metric (5.32). With α0 = 0,
gφφφφ = 0 and ftt 6= 0 we deal with the pointwise Osserman space of the type [N] ⊗ [−].
The self-dual null strings are expanding, but Λ = 0 means, that there exists nonexpanding
anti-self-dual null strings. The space is Walker on the anti-self-dual side.
6 Detailed derivation of the master equation.
In this section we present in some details the reduction of Killing equations to one
master equation (3.24). Our basic assumption is, that the space is not conformally half-
flat, i.e., |C(3)| + |C(2)| + |C(1)| 6= 0. We already have shown that χ = χ0 = const,
and
Λχ0 = 0 (6.1)
Besides, from the integrability conditions MABCD (3.16) it follows, that ∂
N˙(φ2kN˙) = 0,
from the Killing equations E A˙B˙11 (see (3.13)), one finds that ∂
(A˙
(
φ2kB˙)
)
= 0. Conse-
quently we have
kA˙ = φ−2 δA˙ (6.2)
where δA˙ is an arbitrary function of qM˙ only.
From the definition of l11 we obtain its explicit form (3.27a), which is consistent with
L A˙111 . Second step is to investigate L
A˙
211 . Contracting it with JA˙ one can get very
useful integrability condition (3.26b). Contraction with KA˙ gives explicit form of l12
(3.27b). With this form of l12, the integrability conditions L
A˙
112 become identities.
Knowing the form of kA˙, the second triplet of Killing equations E
A˙B˙
12 can be brought
to the form
E A˙B˙12 ≡ ∂(A˙V B˙) = 0 (6.3)
where
V A˙ := hA˙ − δS˙ QS˙A˙ +
∂δ(S˙
∂qA˙)
pS˙ (6.4)
But if ∂(A˙V B˙) = 0 then V A˙ = V pA˙+A˙ with V = V (qM˙) and A˙ = A˙(qM˙) being arbitrary
functions of their variables. Hence
hA˙ − δS˙ QS˙A˙ = −
∂δ(S˙
∂qA˙)
pS˙ + V p
A˙ + A˙ (6.5)
The final Killing equation, i.e., the E equation can be rearranged to the form
1
2
E ≡ φ4 ∂N˙
[
φ−4
(
hN˙ − δS˙ QS˙N˙
)]
+ 4χ0 − ∂δ
N˙
∂qN˙
= 0 (6.6)
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Inserting hA˙− δS˙ QS˙A˙ from (6.5) into (6.6) one gets the polynomial in φ, and, finally, the
solutions for V and A˙
2V = 4χ0 − ∂δ
N˙
∂qN˙
+
4
τ
KS˙JN˙
∂δ(S˙
∂qN˙)
(6.7)
JN˙
N˙ = 0 → N˙ = J N˙
with  = (qM˙) being an arbitrary function.
Putting this into (6.5) and bringing it to the most plausible form one obtains the final
solution for hA˙
hA˙ − δS˙ QS˙A˙ =
(
2χ0 +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pA˙ +
∂δS˙
∂qA˙
pS˙ + J A˙ (6.8)
It is worth while to note that with above form of hA˙ the definition of l12 is consistent
with the form (3.27b).
Equation M1122 gives us the integrability condition (3.26c), while the equation M1222
gives (3.26d). Of course, (3.26c) is automatically satisfied for the types [III, N]⊗[any] and
it plays role only in the types [II, D]⊗ [any]. Both (3.26c) and (3.26d) are automatically
satisfied for the type [N]⊗ [any].
The next step is to calculate the form of l22 from L
A˙
212 . In L
A˙
212 it is useful to replace
the factor ∂B˙l12 from L
A˙
112 equation and do not calculate it directly from (3.27b). Except
this, there appears the factor QA˙B˙QX˙
B˙
which is skew symmetric in the indices A˙X˙ and
it can be changed according to
QA˙B˙QX˙
B˙
=
1
2
∈A˙X˙ QS˙B˙QS˙B˙ =∈A˙X˙ φ2 T (6.9)
Using the hyperheavenly equation in the form (2.13) to replace T one can remove
quadratic terms with the second derivative of the key function W . After some alge-
braic work, using (3.26c) and contracting L A˙212 with KA˙ one obtains l22 in the form
(3.27c) (contraction JA˙ · L A˙212 is an identity).
The integrability condition L A˙122 gives no additional information since it becomes an
identity.
Eq. (3.27c) must be consistent with the definition of l22 given by (3.14). It is not an
identity. Denote
Σ := −£KW −W
(
4χ0 +
4
τ
K(S˙JN˙)
∂δS˙
∂qN˙
+
1
τ
KN˙JS˙
∂δS˙
∂qN˙
− ∂δ
N˙
∂qN˙
)
(6.10)
After some tedious calculations one shows, that the consistency condition takes the form
JA˙ ∂
A˙Σ = − 1
2τ
∂2δS˙
∂qN˙∂qR˙
(2KS˙JN˙ + JS˙KN˙)pR˙ (6.11)
+
1
2τ 2
∂δS˙
∂qN˙
KN˙KS˙
(
µφ3 − Λ
3
)
− 1
2
JA˙
∂
∂qA˙
Eq. (6.11) plays a crucial role in the most important part of this work i.e. in an integration
of the third triplet of the Killing equations E A˙B˙22 . Putting the h
A˙ given by (6.5) into
E A˙B˙22 , after some obvious cancellations one gets
1
2
φ−2E A˙B˙22 ≡
∂R(A˙
∂qB˙)
+QS˙(A˙ ∂S˙R
B˙) −RS˙ ∂S˙QA˙B˙ +
∂δS˙
∂q(A˙
QB˙)S˙ + δS˙
∂QA˙B˙
∂qS˙
= 0 (6.12)
23
where
RB˙ :=
(
2χ0 +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pB˙ +
∂δS˙
∂qB˙
pS˙ + J B˙ (6.13)
Taking QA˙B˙ in the form (2.10b) after some work we obtain
1
2
φ−2E A˙B˙22 ≡ ∂(A˙ΣB˙) = 0 (6.14)
where
ΣB˙ := −RS˙ ∂S˙ΩB˙ + 2ΩB˙
(
2χ0 +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
+
∂δN˙
∂qN˙
ΩB˙ (6.15)
+
∂δS˙
∂qB˙
ΩS˙ + δS˙
∂ΩB˙
∂qS˙
− µ
2τ 3
φ4
∂δS˙
∂qN˙
KS˙KN˙K
B˙ − ∂
∂qB˙
φ
− ∂
2δS˙
∂qB˙∂qR˙
pS˙pR˙ +
1
2
∂2δB˙
∂qS˙∂qR˙
pS˙pR˙ +
∂
∂qT˙
(
2χ0 +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pT˙pB˙
Inserting ΩB˙ defined by (2.11) into (6.15) one observes, that the terms containing the
key function W in (6.15) can be rearranged into the form φ4∂B˙(φ−3Σ) with Σ given by
(6.10). Moreover, after some algebraic tricks, using (3.26b) one finds that
− ∂
2δS˙
∂qB˙∂qR˙
pS˙pR˙ +
1
2
∂2δB˙
∂qS˙∂qR˙
pS˙pR˙ +
∂
∂qT˙
(
2χ0 +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pT˙pB˙ = (6.16)
= φ4 ∂B˙
[
φ−4
1
2
∂2δS˙
∂qT˙∂qR˙
pR˙pS˙pT˙
]
Except this, from ∂(A˙ΣB˙) = 0 it follows that ΣB˙ = ω pB˙ + βB˙ (with ω and βB˙ being an
arbitrary functions of the variable qM˙). Finally
ω pB˙ + βB˙ = φ4∂B˙(φ−3Σ) +
Λ
6τ 2
(
1
τ
∂δS˙
∂qN˙
KS˙KN˙
(
ηJ B˙ − φKB˙)− τKB˙) (6.17)
− µ
2τ 3
φ4
∂δS˙
∂qN˙
KS˙KN˙K
B˙ − ∂
∂qB˙
φ+ φ4 ∂B˙
[
φ−4
1
2
∂2δS˙
∂qT˙∂qR˙
pR˙pS˙pT˙
]
Contracting (6.17) with JB˙ and using (6.11) we get
ω = −3
2
J A˙
∂
∂qA˙
− Λ
3τ 2
∂δS˙
∂qN˙
KS˙KN˙ (6.18)
βB˙ = −Λ
6τ
KB˙ − 3β J B˙
(where β = β(qM˙) is an arbitrary function).
(An alternative way to obtain (6.18) is to multiply (6.17) by φ−4 and derive ∂B˙(6.17))
Using the solutions for ω and βB˙ in Eq. (6.17) one can bring it to the form
0 = φ4∂B˙
{
φ−3
[
Σ + β +
1
2
pA˙
∂
∂qA˙
− 1
2τ 3
∂δS˙
∂qN˙
KS˙KN˙ η
(
µφ3 − Λ
3
)
(6.19)
+
1
2
∂2δS˙
∂qT˙∂qR˙
pR˙pS˙pT˙ φ
−1
]}
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Hence
Σ + β +
1
2
pA˙
∂
∂qA˙
− 1
2τ 3
∂δS˙
∂qN˙
KS˙KN˙ η
(
µφ3 − Λ
3
)
(6.20)
+
1
2
∂2δS˙
∂qT˙∂qR˙
pR˙pS˙pT˙ φ
−1 = −αφ3
(where α = α(qM˙) is an arbitrary function).
Finally, using (6.10) we get the master equation.
In [15] the authors obtained final result in a slightly different form, using a different
potentialization of the QA˙B˙
QA˙B˙ = φ3 ∂(A˙AB˙) +
Λ
6τ 2
KA˙KB˙
where
AA˙ = −φ−2∂A˙W + µ
τ 2
KA˙η (6.21)
However, that way is leading to the same result (3.24) so it seems that there is a misprint
in master equation in [15].
Integrability conditions M2222 and L
A˙
222 offer crazy calculations. It seems, that they con-
tain the key function W , but the function W can be removed from these conditions, using
master equation (in M2222) and both master and hyperheavenly equations (in L
A˙
222 ), so
they become polynomials in pA˙. After cancellations we find that KA˙L
A˙
222 gives (3.26e),
JA˙L
A˙
222 is an identity and M2222 gives (3.26f) and (3.26g). Note, that (3.26g) involves Λ
and has been not presented in [15]. Originally we have obtained (3.26g) in the form
J N˙
∂
∂qN˙
(
τ
2
ν + 3µβ
)
+
∂
∂qN˙
(
J N˙δB˙
∂γ
∂qB˙
+ 2JB˙δ
B˙ ∂γ
∂qN˙
)
− Λ
6τ
[
τδN˙
∂κ
∂qN˙
− KN˙ ∂µ
∂qN˙
+ ν KN˙KS˙
∂δS˙
∂qN˙
+ τκ
(
2
∂δN˙
∂qN˙
+
1
τ
JN˙KS˙
∂δS˙
∂qN˙
)]
but with help of (3.26e) it can be brought to the form (3.26g).
7 Concluding remarks
In this paper the problem of Killing symmetries in expanding hyperheavenly spaces
with Λ has been considered. We have found the explicit form of the Killing equations
and their integrability conditions. The results of [15] have been generalized to the case
of nonzero cosmological constant and some small misprints in [15] have been corrected.
Finally, some ways of simplifying the hyperheavenly equation have been presented and
interesting complex metrics have been calculated.
Metrics calculated in subsection 5.2 admit the Killing vector ∂η. In that case all the
nonlinearities in the hyperheavenly equation vanish and the explicite solution could be
easily found. Especially interesting is the metric (5.28). It describes the type [N] ⊗ [N]
with nonzero cosmological constant Λ. The Killing vector is null and it is the Debever -
Penrose vector. The twist of the null, complex congruence defined by the Killing vector
∂η vanishes. Are there any possibilities to find the solutions of the complex type [N]⊗ [N]
admitting other Killing vectors, namely ∂w or ∂t? We are going to answer these questions
soon.
The Killing symmetries in hyperheavenly spaces left some other, unsolved problems.
The classification of the Killing vectors in nonexpanding hyperheavenly spaces was
not presented in [1]. In both papers describing the Killing symmetries in nonexpanding
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hyperheavenly spaces ([1], [2]) the ways of simplifying the final formulas has been pre-
sented, but the main criterion taken into account for classification has been formulated
on the algebraic type of the Weyl tensor. It seems, that the more efficient way is to
deal with the properties of the spinors lAB as a main criterion. That way was chosen
in classification of the heavenly spaces made by Pleban´ski and Finley in [8] and also by
us in the present paper. Are there any chances to obtain the similar classification in
nonexpanding hyperheavenly spaces with Λ? One of the main result of [8] is the new
physical equation, called the Boyer-Plaban´ski-Finley equation. It is the nonlinear differ-
ential equation for one function depending on three variables. It seems that there should
exist some nonexpanding hyperheavenly equivalent of this equation. Moreover, the non-
expanding hyperheavenly spaces plays an important role in analysis of Einstein - Walker
spaces. The symmetry of such spaces could be easily obtained from the Killing symmetry
in nonexpanding hyperheavenly spaces.
The next important task is to find the master equation for the heavenly spaces with
cosmological constant. Nonzero cosmological constant implies, that if CABCD = CABC˙D˙ =
0, then there does not exist any nonexpanding congruence of the self-dual null strings.
The case of isometric Killing symmetries in such spaces was considered in [20, 21] but
homothetic and conformal symmetries of that spaces are nowadays, unknown. Can the
Killing equations be reduced to one master equation? Results of [1] generalize the previous
work of Pleban´ski and Finley [7] and prove that the conformal symmetries in heavenly
spaces generate some new function of all variables, together with the first integral of
the heavenly equation. Does the similar function and first integral appear in the master
equation in heavenly spaces with cosmological constant? The analysis of the master
equation for the heavenly spaces with Λ allows to find various symmetries of the Osserman
spaces.
The problems of conformal, homothetic and isometric Killing symmetries in heav-
enly spaces with cosmological constant, classification of the nonexpanding hyperheavenly
spaces admitting Killing vector and symmetries in Osserman and Walker spaces will be
considered in the next parts of our work.
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Correctum. There was found a few misprints in [1].
Formula (2.6)
there is ds2 = φ−2 (−dpA˙ ⊗
s
dqA˙ +Q
A˙B˙ dqA˙ ⊗
s
dqB˙)
there should be ds2 = 2φ−2 (−dpA˙ ⊗
s
dqA˙ +Q
A˙B˙ dqA˙ ⊗
s
dqB˙)
Formula (2.27)
there is N A˙B˙ := D A˙
X˙
D B˙
Y˙
(
2
3
F ′(X˙σY˙ ) − ∂σ
(X˙
∂q′
Y˙ )
+
1
3
ΛσA˙σB˙
)
there should be N A˙B˙ := D A˙
X˙
D B˙
Y˙
(
2
3
F ′(X˙σY˙ ) − ∂σ
(X˙
∂q′
Y˙ )
+
1
3
ΛσX˙σY˙
)
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Formula (4.13)
there is l22 = − ∂
∂qM˙
(2χ+ b) + 2δM˙N
M˙ − ∂
M˙
∂qM˙
there should be l22 = − ∂
∂qM˙
(2χ+ b) pM˙ + 2δM˙N
M˙ − ∂
M˙
∂qM˙
Formula (4.15)
there is KB˙ = δM˙ΘpM˙pB˙
− ∂δ
M˙
∂qB˙
pM˙ +
2
3
δM˙F
(M˙pB˙) − B˙
there should be KB˙ = δM˙ΘpM˙pB˙
− ∂δ
M˙
∂qB˙
pM˙ +
2
3
δM˙F
(M˙pB˙) − B˙ − 2χ pB˙
The first line under the formula (4.29)
there is qA˙
∂a
∂qA˙
− 2f1 = 0
there should be qA˙
∂f1
∂qA˙
− 2f1 = 0
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